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Abstract

Government guarantee is one of important measures to attract investment in infrastructure for
developing countries. Most of existing researches are based on the hypothesis of complete market, but
this paper has broken traditional risk neutral hypothesis. Considering investors' risk attitude in incomplete
market, the utility indifference pricing has been introduced to the option value of minimum traffic
guarantee in highway. This paper constructs the European option pricing model in government guarantee
and offers partial differential equation for utility indifference pricing point. Meanwhile, through the
analysis of partia differential equation for utility indifference pricing under CARA utility functions, the
pricing method given by this paper has been proved consistent with traditional B-S equation pricing
method under the condition of investors being risk neutral. In the end, through the numerical solution to
partial differential equation, an interesting relation between option price of minimum traffic guarantee
and investors' risk attitude has been revealed.

Keywords: Government Guarantee, Utility Indifference Pricing, CARA Utility, Risk Aversion.

1. Introduction

In Traffic transportation "Twelfth Five-Year" development planning, the Ministry of Transport has
pointed out that to the year of 2015, the total length of highway will grow from 74 thousand km in 2010
to 108 thousand km, government has to broaden financing channel to alleviate the pressure of capital
demand. Take Shaanxi province as an example, Transport Department is planning on the largest highway
BOT project in history, with atotal length of 1530 km and investment of 159 billion RMB, which will be
a significant investment opportunity for private investors. However highway investment is characterized
by large investment and long cost recovery cycle, Klein (1997) [1]researched on business risk and policy
risk in infrastructure projects and said that for most of the developing countries, without government
guarantee there is no way to raise large medium and long-term investment for infrastructure construction;
also according to Liantoet a. (1997)[2], the government guarantee can reduce or eliminate those risk
factors which prevent the private sectors to participate in public infrastructure projects. If the government
wants to attract private investment in highway construction, it needs to provide certain conditional
government guarantee, but the government guarantee is not optionally provided free resource, when some
particular event occurs in the future, this contingent responsibility will appear, demanding government
financial payment [3]. Therefore how to calculate the option value of government guarantee according to
the market situation and relevant risk factors, so as to reasonably determine the guarantee fee or
investment plan has become an urgent problem to be solved.
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In project investment analysis, NPV method is the most widely used project assessment method, but it
has a fatal defect which is the ignorance of magnitude and degree of asset risk. For example, in the
guarantee contract of minimum highway traffic flow, it” s amost impossible to predict an accurate traffic
flow. Myers (1977) [4]proposed the concept of real options for the first time, and introduced the idea of
option into investment anaysis. Wibowo (2004) [5]analyzed severa guarantee forms in BOT
infrastructure projects. minimum income guarantee, minimum traffic guarantee, charge adjustment
guarantee and debt repayment guarantee, through which he thought guarantee could be seen as a put
option and had value calculation. Huang et al. (2006) [6]analyzed the value of abandonment option and
government-offered minimum income guarantee in BOT project and the influence of interaction on each
value, he thought the minimum income guarantee that government provided to the project could be seen
as European put option, and could be calculated with B-S option pricing method. Brandao and Saraiva
(2008) [7]constructed a minimum traffic guarantee real options model and applied this model to the
projected 1000 mile long BR - 163 toll road. Galera and Solino (2010) [8]also used the real options
theory to work on the value of highway minimum traffic guarantee. Zhang et a. (2011) [9]developed a
value model of minimum revenue guarantee with multiple-exercise real options under the impact of the
emergency incident.

The traditional real options pricing method is based on the assumption of complete market, that is, all
risk assets can be completely copied, and then option value will be in found under equivalent martingale
measure or no-arbitrage principle [8, 10, 11]. However, implied assets in highway guarantee options can't
be traded, so the value of the option can't be completely copied, which means the market is incomplete.
When it's an incomplete market, equivalent martingale measure is no longer exclusive, and so is the
option value. To this situation, Hodges and Neuberger (1989) [12]proposed the idea of utility indifference
pricing. This pricing method, based on utility view, aiming at unreachable (unduplicated) contingent
claims, has taken investors' subjective risk awareness under consideration, which can solve the option
pricing problem in incomplete market situation.

There are lots researches studying option pricing with utility indifference pricing theory, which can be
generally divided in two kinds, one is pricing research under the principle of utility maximization of
ultimate wealth expectation[13-16], but this research has neglected the truth that consumption would
impact on the investors' decision. The other one is option pricing on the basis of expected consumption
utility maximization, but under an unlimited duration condition[17], which is apparently different from
reality. Among documents comprehensively considering both of the expected consumption utility and
ultimate wealth utility maximization, most of the researches focus on optimal investment and
consumption strategies, rarely is on option pricing.

The key to pricing with utility indifference theory is solving maximum utility functions; there are
mainly two ways for this research. The first one, also mostly used one, is conjecture-verification method,
which first began in 1969 to solve expected consumption maximum utility functions by Merton. The
second one is duality method suggested by Xu and Shreve[18] in 1992; compared with
conjecture-verification method, the duality method lies its biggest advantage in that this method can
directly solve many types of utility functions, such as CARA utility functions, and power utility functions.

2. Uutility Indifference Pricing Model for Highway Government Guarantee Option
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This section will build utility indifference pricing model for the European option of minimum traffic
government guarantee, with the comprehensive consideration of expected consumption utility and
ultimate wealth utility maximization principle.

Suppose there are three assets, in which two are risk assets (tradable equity portfolio and non-tradable
underlying assets (highway toll)), and the other one isrisk-free assets (interest rateis ).

Suppose the price of tradable risk assets (stock) complies with the following Geometric Brownian
Motion(GBM):

ﬂ=ﬂPdS+GPdB: t<s, P=p>0
R (0.1)

And non-tradable underlying assets (traffic flow) complies with the following diffusion process:

dX, = (s, X,)ds+0) (s, X, )dB t<s, X, =x>0 02)

P P P X
M and O areconstant, By and B are standard independent Brownian Motion.

When the initial wealth is W, risk-free assets, risk assets and consumption will be allocated by the

m (t<s<T)

S

zf(t<s<T)

investors, wealth invested in risk-free assets is , and risky assetsis , SO the

total wealth shouldbe We =7 + 7 and &t any time the magnitude meets the following change:

dw, = [ﬁsp,up +7Z'sr|’:|dS+7Z'spGdesp —C.ds = [Wsr +7f (,up - r)—Cs]d5+”spUdesp (0.3)

Inwhich C, is consumption in unit time.

When the investor doesn’t invest in highway government guarantee option, optimal investment and
consumption strategy should be determined to maximize the following utility functions:

V 0 (t,W) _ Sup E |:.[IT e_()'(S—I)U (Cs )ds +e—d(T—t)U (WT ) |Wt _ W:|
Cy.8¢
st oW, =W (4 1), £t 09

When the investor purchases one unit of highway minimum traffic government guarantee European
option at the initial time, expire date of optionis T , minimum guaranteed trafficis K, charge for every

H=D(X; -K)

vehicleis D, so the maturity valueis . Optimal investment and consumption strategy

should be determined by the investor to maximize the following utility functions:

V (t,w,X) = sup E[LT e U (C,)ds+e " TIU (W, + H) W, =w, X, = x}
Cq,S¢

dw, = [Wsr + 7! (,up - r)—Cs]ds+7rs"ades"

st.

H=D(X;-K) 05)

h(x,t)

According to the utility indifference pricing principle, the price of guarantee option should

have equal maximum effect whether there isinvestment to the option or not.
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V (t,w,x) =V (t,w+h(x,t)) (0.6)

3. Utility Indifference Price of Highway Government Guarantee European Option
This section will solve the utility indifference price h(t,x) of this European option with

the HIB equation to the highway government guarantee model built in Section 2.
(1) For optimal functions V°(t,w), its Hamilton-Jacobi-Bellman equations (HJB) should

be:
V0o —sV© +sup{[wr +? (- r)—C[JVVS +%(7Z'[p0p )ZVM‘,]W +U(C, )} =0 (1.2)
In which optimal investment and consumption strategy should meet afirst order condition:
r_ * 0 !
Ui=Vu=Co=10%) (I isinversefunc:tionsofU ) (1.2
(1° =1 )V,

(ﬂp_r)vaJr(;ztp)*(ap)?VM?W =0:>(ﬂ_tp)*=_ Mk
(o) Vi (L3)

Substitute Equ.(1.2)(1.3) in Equ.(1.1) to get

ARAYARS

()" } 1 (1 1) ()
W === m e 1 (V)) V) 4 St U 1(Vi))|=0 (1.4)
= e o )

ww

After simplification the Equ.(1.4) becomes:

(s —r) ()

1
V=V [ Wr = 1(V) VS -3 (o—")zvvj’w

+U[I<V°)]=0 (1.5)

(2) For optimal functions V (t,w,x), its Hamilton-Jacobi-Bellman equations (HJB) should
be:

V, -6V +sup{[wr+7zt“ (y" - r)—Ct]VW +%(7z{’o—p)szw +U (C, )}
(1.6)
+1V, +%VXX (O't)< )2 =0

In which optimal investment and consumption strategy should meet afirst order condition:

U/=V, =C =1(,) (1.7)
(=) 0 Vo =0 ) =2 L
ww (1.8)
Substitute Equ.(1.7) (1.8)in Equ.(1.6) to get:
1 (a2 =r) (V) 1
V, =6V +[W,r = 1(V,)]V, —E%w [1(V,) ]+ £, +vax (o) =0 (19
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(3) According to the utility indifference pricing principle V (w,x,t)=V°(w+h(x.t),t) the

partial derivative should satisfy:

_\/0 K2 0
XX _wahx +Vw hxx

V,=V2+Vvoh v, =V, Vv, =V V,=V’h

w'x?
)

\Y

The above equations are substituted in Equ.(1.9) with the result of:

_ 2 0)\?
VO +Veh -6V +[Wr—|(Vv3)}VV§’—1—(ﬂp ) (W) +U[1(V0)]+ £V,

2 Vg, (1.10)
1
+E(vw°whx2 +vh, ) (o) =0
Replace w withw+h in Equ.(1.5):
0 0 oyTy/0 1(,up—r)2(Vv?)2 0
V=V + [ (wh)r =1 (V) V] —EW+U[I(VW)J=O (1.12)
From Equ.(1.10)(1.11) thereis:
V.h —hrv0 + 4*V0 +%(vv;’whx2 +V2h, ) (o) =0 (1.12)

After simplification, the utility indifference price h(t,x) of highway government

guarantee European option satisfies following partial differential equation:

V0, 2 1 2
rh=h +u*h s v (o7 ) h? +E(0'[X) h, (1.13)
The boundary conditioniis:
h(T,X)=H (1.149)

4. Model Solution under CARA Utility and Analysis

This study inherits the advantages of utility indifference pricing, and is available to solve utility
indifference prices under kinds of utility functions according to the result of last section (such as CARA
utility functions, power utility functions). For the next section, the utility indifference price of highway
government guarantee European option will be analyzed under the condition of the utility functions being
constant absolute risk aversion (CARA), and so will the relation between the price and investors' risk
aversion coefficient.

4.1 Model Solution for CARA Utility
Suppose the investor meets the following CARA functions:

efaC‘

U(Ct):_ o ’U(Wt):_e

Inwhich ¢ isabsolute risk aversion coefficient, bigger the value is, stronger risk aversion awareness
of the decision maker will be.

With duality method (Xu and Shreve 1992)[18] the following equation can be got (please to the
attachment for details)
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Vo(t,w) :el+(r—1;r”(”)‘v' 1+(Zg§)rﬁ—n %—%—éerat)
(2.1
It can be easily got from Equ.(2.1) that:
Ve ar
Ve B (r-1e" 22

Equ.(2.1)(2.2) is substituted in Equ.(1.13)(1.14) with the result of partial differential equation satisfied
by the utility indifference price of highway government guarantee European option under CARA utility:

1 ar 1 2
rh=h+u'h —=——————h?+=(5)) h,
e ™ ) (23
The boundary condition is:
h(T,X;)=H (2.4)
4.2 Analysis of Utility Indifference Price
(1) When risk aversion coefficient @ =0
From Equ. (2.3) thereis:
1 2
rh=h+4'h +=(a) h,
' 2( ‘) (2.5)

At present, it's the same with traditional option pricing B-S equation under the risk neutral condition,
which means the highway government guarantee European option pricing method in this research is
suitable for both complete and incomplete market. There will be no more analysis to this situation.

(2) When risk aversion coefficient @ # 0

The partia differential equation in this research satisfied by the utility indifference price is just a

X

S

X _ X X _ X
general form, suppose "*s complies with Geometric Brownian Motion, that is #s = X s T Xso

from Equ.(2.3) thereis:

1 ar 1 2
rh=h +xu*h -=——=———h?+=x*(c*) h
o+ xu 21+(r-2e"™ 2 (")

) (2.6)

Finite difference method is used to solve the partia differential equation Equ.(2.6) under the boundary
condition of Equ.(2.4). Fig.1 shows, in different risk aversion coefficient, the variation law with time t
for the highway government guarantee minimum flow European option price. As can be seen from the
graph:

1) The utility indifference price of guarantee option decreases when risk aversion coefficient increases,
it decreases from 7.45 when @ =0 (same with B-S equation) to 2.66 when @ =1 and down to 1.24
when @ =10 This is because the utility indifference method has been introduced to this research for
pricing of options, which has broken the risk neutral assumption in traditional B-S pricing. When the
investors feel aversion to the risk, the utility indifference price of options will be reduced naturally, and
the bigger therisk aversion coefficient ¢ is, the greater the decreased degree will be.
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2) When risk aversion coefficient is small( ¥ = 4 ), and other things being equal, the farther the present
moment U is away from settlement moment T , the higher the utility indifference price of option will be,
which is the same result of traditional B-S equation. Because with the extension of settlement moment T,
the uncertainty of payment at this moment will be increased, so will be the possibility for investors to get
higher return, therefore the price of option increases.

3) When risk aversion coefficient is big(* = 7 ), and other things being equal, the farther the present
moment U is away from settlement moment T | the lower the utility indifference price of option will be,
which is total opposite to the result of traditional B-S equation. Because with the extension of settlement
moment T, the uncertainty of income will raise the price of option, but as the investors hold a high risk
aversion attitude, they would like to avoid the risk and lower the option price. The price raised by income
uncertainty can't balance the price lowered by risk aversion, so in genera the option price will be
lowered.

28 T T T T T T T T T
----- =1
2BF Tl . b + a=2
< =3
241y . b
++ - -
++++++"‘+++4++++++—|+ ‘ “
2—2.“-.:.\':xIx::-c:.\:i:-:i:~c;.\;'-,;';.;—;.;—;(\c.c\.ﬁﬂ(,_ﬁc R e T R
- ERee00000000000G . * a=8
L0000,
M 2 bbbk O0000, +. A
.......................... OoCocondddit || * a9
w8 T e ¥ . & a=10
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16} e txE A
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x el
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Fig. 1. The variation law with time difference for the highway government guarantee minimum flow
European option price in different risk aversion coefficient

Parameter setting: suppose the toll for every vehicle D=1, the expiration time of option T =2, the
underlying price of minimum traffic guarantee option (traffic flow) X =8 and the exercise price of
X _
minimum traffic guarantee option (traffic flow) K=6 # =005 % =05 r=005
Readers with interest can similarly analyze the relation between the utility indifference price of

X

guarantee option and risk aversion coefficient when ‘s complies with mean reversion and CIR process,

which will be not discussed here anymore.

5. Conclusion
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This research has broken the traditional risk neutral assumption and introduced the utility indifference
pricing to the option pricing of highway government minimum traffic guarantee by considering the
investors' risk attitude in incomplete market. The contribution of this paper can be concluded into three
points:

1) Takes the idea of comprehensive consideration of expected consumption utility and ultimate wealth
utility into consideration, and applies the utility indifference pricing principle to the option pricing of
highway government minimum traffic guarantee, finaly builds the pricing model of highway minimum
traffic guarantee European option.

2) Offers the partia differential equation for utility indifference price by solving the pricing model
with HIB equation and duality method, this partial differential equation is available for option pricing
under different utility functions. By analyzing the utility indifference price partial differential equation
under CARA utility functions, the pricing method offered in this research has been proved to be same
with traditional B-S equation under the condition of investors being risk neutral. To sum up, the pricing
method in this paper has got the advantage of utility indifference pricing, which is the pricing method is
not only suitable for incomplete market, but also for complete market.

3) By analyzing the utility indifference price under CARA utility functions with finite difference
method, an interesting phenomenon has been found. Different from the monotone increasing of European
option price under the increase of option duration in complete market, in incomplete market, there is
negative correlation between investors risk aversion attitude and utility indifference price of
government guarantee, and the negative effect will expand with the growth of investors' risk aversion
coefficient, when the risk aversion coefficient grows to a certain stage, the utility indifference price might
even decrease aong with the increase of option duration.
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Appendix

VO (t,w)

Solve with duality method (Xu and Shreve 1992) under the condition of CARA

VO(t,w)

70
Xu& Shreve (1992) has proved that Vity) , the dual functions of meets:

Vo(t,y) =G(t,y)-S(t. ) (A7)
2e([ a0 -o(r)
s(ty)=e([leuli el UNeen))

S(ty)= E(LT ey, s)1 (Y2 (t,s))ds+e Ty (t,T) (yé(t,T))) a9

e I(y)=-"1Y
In which a )=¢e ,inversefunctionsof Y’ is a

c
2

L1960z (1s) Z(ts)Se I oo (0 (1)
¥
uli(yo)]=—

(1) The above equations are substituted in Equ.(A.8) to get G (t’ y) :
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(t y)i (J‘T _e 96 Mds _e (™) Mj

(24 [24

[Tt VE(SW:9)) 4o ooy YE(S(LT))
! a

[

— [T a0 Y g6-ns0) 4g _ g0 Y g(o-r)(s-)
t a a
_ e _Y Y
ro ra o (A.10)

(2) Substitute the above equationsin Equ.(A.9) to get S(t’ y):
S (t, y)i:E (J.T e*"‘('-‘*‘)yé’(t, S) —In yé,(t, S) ds +e75(T7t)yé,(t'T) —In yg’(t,T)j
' o

= [T Le e IE[L(1,9)Inye (6 9)]ds-Le T UE[C (@ T)InyS (1, T)]
“ (A.11)

(2)-1 In order to get Equ.(A.11), E [g’(t,s) Ing“(t,s)] should be solved first

£(ts)Ing(t,s)=e”IZ(t,5)[(5-r)(s—t)+InZ(ts)]
=(5-r)(s-1)e® "z (t,5) + e IZInZ(t,s)

_ P 1,
42(,5) - ~2(t, )08 dInZ(t,s)=-0dB] -2 6%ds

d(Z(t,s)InZ(t,s))=InZ(t,s)dZ(t,s)—OZ(t,s)dB +%922(t,s)ds
From all above equations there has:

E(;(t,s)lng“(t,s)):(5—r)(s—t)e(5’r)(5’t)+e(5")(5")%92(s—t)
_ A(s-r)(s-t) _ _ 1 2
=e (s t)(5 r+ 26? j

(2)-2 Substitute Equ.(A.12) in Equ.(A.11) to get

S(t,)’):_[:_%e‘d(s't{e("’ Iny +e®" )(S_t)(s—t)(ﬁ—r+%92]:|d5

% [e(‘) My +e@ 0 (T —t)(a—r+%92ﬂ
r(T-t e (™Y
[y e
r r 2

y r(T1) 1 2)
- Yiny+e T-t)|6-r+=60
e nyse ™7 -0 5o

(3) Substitute Equ.(A.10)(A.13) in Equ.(A.7) to get

B _ —r(T-t)
vf:(;y—sy=ﬂ1+ (r ?e }Iny+f(t)

(A.12)

(A.13)

(A.14)
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A _ _ -r(T-t)
f(t)=1 L[l -y]e +er(Tt)(T—t):l(5—r+%92j

a r?

(A.15)
Xu& Shreve (1992) has proved
VO t; =G t,Y t,
(tw) =G (LY (tW) (4 1q
_~0 .
InwhichY (t’w)isinversefunctionsof Vy ()
-ar W et
_ ale(r-2)e T 1 (rn)e Y
v(tw)=e (A.17)
Substitute Equ.(A.17) in Equ.(A.16) to get:
—ar - arf (t) (T
VO(t W):e“(f*l)e"‘”" e | € B
e o« (A.18)
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